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Abstract

The classical three body problem of helium atom is studied numerically in two dimensions. The orbits and phase
space of the electrons for different initial conditions are investigated by solving the equations of motion numerically.
The phase space shows interesting result of band structure similar to the quantum mechanical result of the solids. The
variation of auto-ionization with perturbation parameter is also established.
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Introduction

Helium Atom is one of the most important three-body
system under the influence of Coulomb force field and it
is one of the most challenging non-integrable system.
Some of the pioneers of quantum mechanics tried to
solve this problem semi-classically (Bohr, 1913;
Langumuir, 1921; Van Vleck, 1922). Also classical model
of Helium atom was tried in the previous study
(Yamamota & kaneko, 1993). An attempt is made in the
present work to study the phase space of the orbiting
electrons in a helium atom. Two dimensional case of
classical non-relativistic helium atom (with a nucleus
and two orbiting electrons) problem is solved numerically.

Materials and methods
Dimensionless form of the equations of motion
The equation of motion for electron1 is
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The above two equations are dimensionless, which can
be solved numerically for different initial configurations.
Numerical technigue

The equations (1) and (2) are solved using Runge-
Kutta IV order coupled with adaptive step size algorithm.
When an electron moves very close to the nucleus, its
acceleration becomes very large and a very small time
step h is required to solve the equations of motion.
Hence, it is not efficient to use the same small time step
throughout the simulation and instead a variable time
step or an adaptive step size algorithm is suggested
(Gould & Tobochnik, 1996). An adaptive step-size
algorithm can be implemented as follows.
1. Given a set f(t) of positions and velocities at time t, use
the current value of h to compute the set fi(t+h) of

mr = positions and velocities at time t+h.
2. Given the same set f(t) of positions and velocities at
. T time t as in step (1), use half the current value of h to
Putting R, =— , a dimensionless quantity and compute the set f(t+h/2) of positions and velocities at time
198 t+h/2. Then use the set f(i+h/2) and time step h/2 to
3 —% r =R obtain a second set fy(t+h) of positions and velocities.
replacing n"mnagnd n °om 3. Use fi(t+h) and f,(t+h) to compute the difference AE in
3 2 5 5 the total energy.
we get , 4m‘;8° m d }j‘ = —Z—RZ‘+R—‘22 If AE is too large i.e., greater than 10, then reduce
e ¢ dt Ry Ry, the time step by a factor of two and repeat steps 1 to 3.
5 1/2 If AE is too small, i.e., less than 107, then increase the
= c ¢ time step by a factor of two. If AE is acceptable i.e., 107 <
41e °m AE < 10'5, then retain the same time step. In the last two
oo e . . Table 1 Initial condiitions for simulation of cases, use the results from
where, T is a dimensionless time. configuration space and phase space of the step (2) to obtain the new
d’R, Qﬁl f{lz electrons position and velocities.
> - = > + 5 Initial R4 V4 R2 Vo
dt Ry Ry, Conditions Results and discussion
&°R, 2R, R, 1 (3.0,0) | (0,040) | (1,00 | (0,-1)| Simulation N
= T T 2 (3.0,0) | (0,0.40) | (1,0) | (0,1) | The initial conditions
de Ri Ry 3 (2.0,0) | (0,095) | (1,0) | (0.-1) | considered for the simulation
T . ) of configuration space and
Similarly for the electron2, 4 (1.4,0) | (0,0.86) | (-1,0) | (0,-1) phase space of the electrons
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Fig. 1. Configuration space (torus) of electrons in helium atom
for various initial conditions
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is listed in Table 1. Of these, the simulation of initial
conditions-1, 2 and 3 result in double ring torus (Type
A) and initial condition-4 results in braiding torus (Type B)
as shown in Fig.1. For all the initial conditions the velocity
vs position graphs (phase space) are drawn and shown in
Fig. 2. The configuration space curves are drawn for
various perturbation parameters (0.3, 0.5, and 0.7) for the
initial condition 3 and shown in Fig.3. And the time of
escape of electron from helium atom is determined for
various perturbation parameters. The auto ionization
curve is drawn between the time of escape and
perturbation parameter and shown in Fig.3.

Type A: Double ring torus

If two electrons are distant, with the orbits close to two
ellipses, the dynamics is approximated by two Kepler
motions. Tori of this type exist even when the angular
momenta of the two electrons are opposite.

Type B: Braiding torus

When the electrons are very close to the nucleus, a
novel type of stable orbit is found. This type of torus
exists, when Ry = 1.40 and V= 0.86. Here the closure of
orbits is identical for each electron. Only the phases of
two orbits are different. This type of torus has a finite
measure in the phase space, and can be semi-classically
quantized by suitably choosing their positions. Here two
electrons must satisfy a delicate phase relationship;
otherwise one of the electrons is kicked away to infinity.
In each orbit an electron revolves twice in the inner side,
while the other revolves once at the outer circle, before
they exchange their position.

The phase space

The Phase space provides us the additional
information on the dynamics of the system under
consideration. It is found that, for all the cases X-
component and the Y-component of phase space showed
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Fig.2. Phase space of electrons in helium atom for
various initial conditions
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the same behavior and therefore only the X-component of
phase space are considered.

In all the cases, at x=0, v,is maximum and vice versa.
For the initial conditions 1-3, the phase of the electrons
el and e2 are different while for the initial conditions 4,
the phase space appears same for both the electrons.
The condition 4 corresponds to the braiding of two
electrons path in real space. Since they are in the same
torus with a phase difference, the phase space for the two
electrons is same.

The phase space for double ring torus-3 (e2) is very
interesting. In this case, the electron behaves in a
peculiar way. There are two distinct regions; the central
square piece, which is completely forbidden and the outer
portion, which is completely filled. This leads to semi-
classical quantization of torus in phase space.

Perturbation parameter

The ratio between the two radii (small to large one)
plays the major role of perturbation parameter in the
Kolmogorov-Arnold-Moser (KAM) theory (Poschel, 2001).
When the ratio between the two radii is far from unity, the
orbit is again approximated by two ellipses modulated
quasiperiodically.

When the perturbation grows, deformation of electron
orbits would take place. As the perturbation is large (two
electrons lie very close to each other), the torus orbit is
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deformed more strongly. Simulation had been carried out

for condition 3 by varying the perturbation parameter.

(i) When perturbation parameter is 0.3, the electrons do
not interact strongly; each electron revolves in its torus
and forms a double ring torus.

(ii) When perturbation parameter is 0.5, the first electron
escaped to infinity, while the second electron moves
around the nucleus in a chaotic manner. This results in

Fig.3. Configuration space for different perturbation parameter &
resulting auto-ionization of electrons in helium atom
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Conclusion
In the present paper, novel types of torus motions in
the classical helium atom with configuration and phase
space were discussed. The phase space for double ring
torus-3 (e2) shows two distinct regions; the central square
piece, which is completely forbidden and the outer
portion, which is completely filled. This leads to semi-
classical quantization of torus in phase space. For the
perturbation parameter values (0.4 to 0.7), the
ionization is predominant. Even though the system is
classical, the phase space shows allowed and

Perturbation parameter 0.3

Ferturkation parasseier 0.5

forbidden bands which is unique for quantum
mechanics. This result is fascinating and needs for
further investigation.
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auto-ionization of helium atom.

(i) When perturbation parameter is 0.7, the second
electron escaped to infinity, whereas the first electron
wanders around the nucleus in ellipsoidal torus. This
also results in auto-ionization of helium atom.

Auto ionization

The periodic orbits show a chaotic behavior by any
slight change of initial conditions and lead to an escape of
one electron implying “auto ionization”. All chaotic orbits
lead to auto ionization. After some chaotic transients,
one of the electrons goes away to infinity. Here, ionization
time has been computed as a function of radius for the
type-A configuration (condition-3) by fixing the ratio of
initial velocity V4/V,, and varying the ratio of distance
R1/R,. If the total energy of the electron is negative, it is
bounded with the nucleus and when it becomes positive it
escapes out of the nucleus. This is called auto ionization.
If the energy of the system is positive over a given
duration of time, the atom is regarded to be ionized. The
auto ionization time of the system is calculated by varying
the perturbation parameter from 0.3 to 0.9 in steps of
0.02. Strong auto ionization takes place when the
perturbation parameter lies between 0.4 and 0.7.
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