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Abstract 
By using the concept of fuzzy points, we generalize the notion of hyper BCK-algebra and the notions of fuzzy point 
hyper BCK-(sub) algebras, fuzzy point (weak, strong) hyper BCK-ideals, quasi hyper BCK-(sub) algebras and quasi 
(weak, strong) hyper BCK-ideals are introduced. The relationship between these notions are stated and proved. 
Finally, we study the condition QH on quasi hyper BCK-algebras. 
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Introduction  
 
The hyperalgebraic structure theory was introduced by 
Marty (1934). Imai and Iseki (1966) introduced the notion 
of a BCK-algebra. Recently, Jun et  al. (2000) applied the 
hyperstructure to BCK-algebras and introduced the 
concept of the hyper BCK-algebra which is a 
generalization of the BCK-algebra.  

It is well-known that the category of bounded 
commutative BCK-algebras is equivalent to the category 
of MV-algebras. In particular, any bounded commutative 
BCK-algebra is an MV-algebra and vice versa. On the 
other hand, an MV-algebra is an algebraic structure of the 
Lukasiewicz many-valued logic. Hence any bounded 
commutative BCK-algebra is somehow related to a many-
valued logic.  

Since the concept of the hyper BCK-algebra is a 
generalization of the notion of the BCK-algebra, it is 
natural to search for logic whose algebraic structure is a 
hyper BCK-algebra. To this end, we first need a deeper 
understanding of hyper BCK-algebras. This structure was 
studied in (Borzooei et. al 2002, Borzooei et. al 2003, Jun 
et al 2001and Jun et al 2000). 

Here we use the notion of fuzzy point to establish the 
notions of fuzzy point hyper BCK-(sub) algebras, fuzzy 
point (weak, strong) hyper BCK-ideals, quasi hyper BCK-
(sub) algebras and quasi (weak, strong) hyper BCK-
ideals, then we obtain some related results which have 
been mentioned in the abstract. 

 

 
Preliminaries 
 
Definition 2.1. (Jun, Zahedi et al 2000) Let H be a 
nonempty set and o be a hyperoperation on H, that is o is 

a function from HH × to ( ) }0{\)(* /= HPHP . Then H 
is called a hyper BCK–algebra if it contains a constant 0 
and satisfies the following axioms:  
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For all Hzyx ∈,, where yx <<  is defined by 

.0 yox∈  

For every  is defined by BAHBA <<⊆ ,,

BbAa ∈∃∈∀ ,  such that , and we have 
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Proposition 2.2. (Jun, Zahedi et al 2000) In any hyper 
BCK-algebra H, the following statements hold:  

 ( ) { },000 =oi  

 ( ) ,0 xii <<  

 ( ) ,xxiii <<  

 ( ) { },00 =oxiv  

 ( ) ,xyoxv <<  

 ( ) ,0oxxvi ∈  

 ( ) { ,00 = }<< AimpliesAvii  

 ( ,}{0) yximpliesyxviii <<<<ο  

 ( ) .,yoxzoximplieszyix <<<<  

.,, HAandHzyxallfor ⊆∈  

Proposition 2.3. In any hyper BCK-algebra H, { }xx =0ο  

for all .Hx∈  
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Proof. We have . Now, let . Since 

we have

0oxx∈ 0oxt∈
{ }xox <<0 xt << , 

so , Then there exists a 

such that  thus , hence 

, then 

( ) ( ) 000 otoxtooxott =⊆∈
otxh∈ 00 oh∈ 0<<h

0=h tx << . We conclude that tx = . Therefore 

 { }.0 xox =
Definition 2.4. (Jun et al., 2000) Let (  be a hyper 
BCK-algebra and S be a subset of H. If S is a hyper BCK- 
algebra with respect to the hyper operation “o” on H, we 
say that S is a hyper subalgebra of H.  

 

)0,,oH

Definition 2.5. (Jun et al., 2000) Let I  be a nonempty 

subset of a hyper BCK-algebra ( )  and 0,,oH I∈0 . 
Then I is called a (weak, strong) hyper BCK-ideal of H if 

 I and ( ) ( )( )0, ≠⊆ IyoxIxoy I ( ) <<yox Iy ∈  

imply that for all x, y ,Ix∈ H∈ .  

Definition 2.6. (Jun et al., 2000) A hyper BCK-ideal I  of 
H is said to be reflexive if , for allIxox ⊆ Hx∈ .  

Lemma 2.7. (Jun et al., 2000)  Let A, B and I  be subsets 
of H.  

( )i If , then  CBA <<⊆ .CA<<
)(ii If for , then for all 

  

IxoA << Hx∈ Ixoa <<
.Aa∈

( )iii If I  is a hyper BCK-ideal of H and if IoxA <<  for 

, then Ix∈ IA <<  

( )iv Let I be a reflexive hyper BCK-ideal of H and let A 

be a subset of H. If IA << , then  .IA⊆
Definition 2.8. (Jun et al., 2000) Let H be a hyper BCK-

algebra. Define the set ( ) })(0{:, baxHxba οο∈∈=∇ . 

If for any , the set  Hba ∈,
( ba,∇ ) , has the greatest element (with respect to <<) 

then we say that H satisfies the hyper condition. 
      We now review some fuzzy logic concept (see 
(Borzooei and Zahedi 2002 and Zadeh 1965)).  
A fuzzy set μ  in a set X of the form 

( )
⎩
⎨
⎧ =

=
,0

,
:

otherwise
xifyt

yμ  

Where  , is called a fuzzy point with support x 

and value t and is denoted by   

( ]1.0∈t

tx
Definiton 2.9. (Jun  et al 2001) Let μ  be a fuzzy set of H. 

Then 

  ( ) μi  is called a fuzzy hyper BCK-ideal of H if  

      implies that ( ) yxa << ( ) ( ),yx μμ ≥  

     ( ) ( ) )},(),(infmin{ yaxb
yxa

μμμ
ο∈

≥  

  ( )ii  μ  is called a fuzzy weak hyper BCK-ideal of H if  

( ) ( ) min0 ≥≥ xμμ ( ) ( ){ },,inf ya
xoya

μμ
∈

 

  ( )μiii  is called a fuzzy strong hyper BCK-ideal of H if 

( ) ( ) ( ) ( ) ,,supmininf
⎭
⎬
⎫

⎩
⎨
⎧≥≥

∈∈
yaxb

xoyaxoya
μμμμ  

for all .,, Hzyx ∈  
 Definition 2.10. (Borzooei and Zahedi 2002) Fuzzy set 
μ  satisfies the additive condition, if yx <<  implies that 

( ) ( ).yx μμ ≥ . 
Definition 2.11. (Jun  et al 2001) Let μ  be a fuzzy set  in 

H. Then μ  is called a fuzzy hyper BCK-subalgebra of H if 

( )
( ) ( ) ( ){ }..mininf yxs

xoys
μμμ ≥

∈
 

 
Quasi Hyper BCK–algebra 

From now on ( )0,,oH  is a hyper BCK-algebra, unless 
otherwise is stated. 

Let ( ]{ }.1,0,)( ∈∈= aHxxHF a We define the 

hyperoperation Θ  on F (H) by:  

Θ  :F(H)× F(H)  ( )HF→
}{),( },min{ yxzzyx οχαβα ∈a  

Where { },|)( xoyzzxoy ∈= γγ  

We define the relation  on F(H) by:  p

βα yx p if and only if  .)(0 },min{},min{ βαβα xoy∈
     Let A, B be any subsets of F(H). We define A B if 
and only if for all 

p
Aa∈  there exists Bb∈  such that 

 .ba p
Lemma 3.1. Let F(H) be as above with operation Θ  and 
order . Then we have:  p
 ,)()()( γαβγβα yxzyzxi ΘΘΘΘ p  

 ,)()()( βγαγβα yzxzyxii ΘΘ=ΘΘ  

 }.{)()( αα xHFxiii pΘ  

for all ).(,, HFzyx ∈βγα  

Proof. (i) Consider 

},min{},min{ )()()()( βγβαβγβα yozxozzyzx Θ=ΘΘΘ  

}.,,min{

},,min{
,

))()((

)(

γβα

γβα

yozoxoz

toh
yozhxozt

=

=
∈∈

U
 

For all },,min{},,min{ ))()(( γβαγβα yozoxozs ∈  we get that 

)).()(( yozoxozs∈ since H is a hyper BCK–algebra, then 
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there exists a such that s<<k therefore xoyk∈ sok∈0  

and . In other hand 

then we get that 

Hence 

which imply that 

 

},min{},min{ )( γαγα xoyk ∈

,)( },,min{},min{},,min{ γβαγαγβα sokks =Θ

.)(0 },min{},,min{},,min{},,min{ γαγβαγβαγβα kssok Θ=∈

},min{},,min{ γαγβα ks p

.)()( γαβγβα yxzyzx ΘΘΘΘ p

(ii) Since H is a hyper BCK-algebra, then we have 

.)(

)(

)()(

},,min{
)(

},,min{
)(

},,min{

},min{

βγα

γβα

γβα

γβα

γβαγβα

yzx

h

h

toz

zxoyzyx

oyxozh

ozxoyh

toyt

ΘΘ=

=

=

=

Θ=ΘΘ

∈

∈

∈

U

U

U

 

(iii) We have 

Consider 

 Then there exists  such that 

Hence and 

.)()( },min{
)(

γαγαα
γ

xozzxHFx
HzHFz ∈∈

=Θ=Θ UU

).(HFxt Θ∈ αβ )(HFz ∈γ

.)( },min{ γαγαβ xozzxt =Θ∈ )(xozt∈
}.,min{ γαβ = On the other hand we have },{xxoz <<  

thus for any ,xozt∈  we have t<<x, then tox∈0 . So 

 Therefore  and 

we get that  

.)(0 },min{},min{ αβγαγα xttox Θ=∈ αβ xt p

}.{)( αα xHFx pΘ
        
       Let  and . Then we get that 

 and , 

so  and

βα yx p αβ xy p

},min{},min{ )(0 βαβα xoy∈ },min{},min{ )(0 βαβα yox∈
xoy∈0 xyο∈0 , then x=y, by (HK4). But 

if βα = , then we can conclude that , on the 

otherwise we haven’t . 

βα yx =

βα yx =
      For example in a hyper BCK-algebra X, we have 

and 

, but . 

6.01.0}1.0,6.0min{1.0 )(0 bbbob Θ=∈

1.06.0}1.0,6.0min{1.0 )(0 bbbob Θ=∈ 6.01.0 bb ≠
Hence F(H) is not a hyper BCK-algebra under the 
operation , since (HK4) does not hold. We call it a quasi 
hyper BCK-algebra.  
Proposition 3.2. In the quasi hyper BCK-algebra F(H) the 
followings hold for all ]1,0(,,,, ∈∈ γβαHyx  and 

:  )(HFA⊆
  },0{00)( },min{ βαβα =Θi
  ,0)( βα xii p

  ,)( βα xxiii p

  ,)( AAiv p

 }0{0)( },min{ βαβα =Θxv  

 }],1,0(|0{0)( },min{ AxallforAvi ∈∈=Θ ββαα β  

 
}]1,0(|0{}0{)( AxandAthatimpliesAvii ∈∈= ββα βp

 
 },{0)( },min{ βαβα xxviii =Θ  

 ,}{0)( γαγβα yxthatimpliesyxix ppΘ  

  ,)( αββα yxifonlyandifyxx pp

  ,)( βαγαγβ yxzximplieszyxi ΘΘ pp

 
},]1,0(|0{}0{0)( AxandAimpliesAxii ∈∈=Θ ααγβ αp

 
 

}.{0)( γβα xxxiii pΘ  

Proof. The proof is straightforward and follows from 
Proposition 2.2. 
Definition 3.3. Let T be a subset of the quasi hyper BCK- 
algebra F(H). Then T is called.  
    (i) a quasi hyper BCK–subalgebra of F(H), if 

Tyx ⊆Θ βα  , for all ,  Tyx ∈βα ,
    (ii) a quasi (weak, strong) hyper BCK-ideal of F(H), if  
 (a) ,0 T∈α  for all ]1,0(∈α  

 (b) TyxTyxTyx pI ))(0)(,)(( βαβαβα Θ/≠Θ⊆Θ  

and Ty ∈β  imply that , for all Tx ∈α )(, HFyx ∈βα . 

 
      For any ]1,0(∈α , we define 

}.|{:)( HxxHF ∈= αα Obviously, )0,),(( αα ΘHF  is  a 

hyper BCK-algebra and can be identified it with H. We 
call it a fuzzy point hyper BCK-algebra.  
Definition 3.4. Let ]1,0(∈α  and  be a subset of fuzzy 

point hyper BCK-algebra Then  is called 

αT
).(HFα αT

   (i) a fuzzy point hyper BCK–subalgebra, if 

ααα Tyx ⊆Θ ,  for all   ,, ααα Tyx ∈
   (ii) a fuzzy point (weak, strong) hyper BCK-ideal of 

 , if  )(HFα

      (a) αα T∈0 , 

      (b) 

ααααααααα TyxTyxTyx pI ))(0)(,)(( Θ/≠Θ⊆Θ  and 

αα Ty ∈  imply that αα Tx ∈  , for all )(, HFyx a∈αα .  
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Example 3.5. Let H={0, a, b}. Then the following table 
shows a hyper BCK-algebra structure on H.      

o 0 a b 

0 
a 
b 

{0} 
{a} 
{b} 

{0} 
{0} 
{b} 

{0} 
{a} 
{0,b} 

 

Let ]1,0(∈α . Then {  and  are fuzzy 

point hyper BCK-subalgebra and fuzzy point (weak, 
strong) hyper BCK-ideal of . 

},0 αα a },0{ αα b

)(HFα

Theorem 3.6. Let ]1,0(, ∈⊆ αHT  and  

Then  

).(HFT αα ⊆

    (i) T is a subalgebra of H if and only if  is a fuzzy 

point subalgebra of .  

αT
)(HFα

    (ii) T is a (weak, strong) hyper BCK-ideal of H if and 
only if  is a fuzzy point (weak, strong) hyper BCK-ideal 

of ,  

αT
)(HFα

    (iii) T is a (weak, strong) hyper BCK-ideal of H if and 
only if  is quasi (weak, strong) hyper BCK-ideal of 

F(H).  
αT

Proof. (i) Let  . Then , and since T is 

a sublagebra of H we have  So , 

hence  

ααα Tyx ∈, Tyx ∈,
.Txoy ⊆ αα Txoy ⊆)(

.)( ααα Tyx ⊆Θ
  Conversely, let . Then , and since 

 is a fuzzy point subalgebra of , we have 

. Thus  and so .  

Tyx ∈, ααα Tyx ∈,

αT )(HFα

ααα Tyx ⊆Θ )( αα Txoy ⊆)( Txoy ⊆
The proof of (ii) and (iii) are similar to the above 
argument.  
Proposition 3.7. Let ]1,0(∈α . Then  is a quasi 

hyper BCK – subalgebra of F(H). 

)(HFα

     It is clear that  is not a (weak, strong) hyper 

BCK-ideal. If 

)(HFα

αβ > , then  

and , but  

)()( HFxoyyx αααβ p=Θ

)(HFy αα ∈ ).(HFx αβ ∉
Theorem 3.8. Let F(H) be a quasi hyper BCK-algebra. 
Then 

}}0{|)({:))(( αααα =Θ∈= xxHFxHFS  

is a quasi hyper BCK-subalgebra of F(H).  
Proof. Since , then we get that S(F(H)) is 

nonempty. Now, let By Lemma 3.1, 

we have and so 

Thus by Proposition 

3.2(vii) we have  

Now, let 

}0{00 ααα =Θ
)).((, HFSyx ∈βα

}0{)()( αααβαβα =ΘΘΘΘ xxyxyx p

}.0{))()(( },min{ αβα pxoyoxoy
}.0{))()(( },min{},min{ βαβα =xoyoxoy

.)( },min{},min{ βαβαβα xoyyxa =Θ∈ Then 

xoya∈  and so Thus.  )).()(( xoyoxoyaao ⊆
⊆=Θ },min{},min{},min{ )( βαβαβα aoaaa

}.0{))()(( },min{},min{ βαβα =xoyoxoy  

Hence  and ))((},min{ HFSa ∈βα

)).(( HFSyx ⊆Θ βα Therefore S(F(H)) is a quasi hyper 

BCK-subalgebra of F(H).  
       Now we show that S(F(H)) satisfies in some condition 
of BCK-algebra.  
Theorem 3.9. The set  is singleton, for all βα yx Θ

).)),(((, Θ∈ HFSyx βα   

Proof. Let ))((, HFSyx ∈βα  

and .)(, },min{},min{},min{ βαβαβαβα xoyyxba =Θ∈  By the 

proof of Theorem 3.8, we have 

}0{))()(()( },min{min},min{ },{ βαβα βα
=⊆ xoyoxoyaob  and 

so }.0{)( },min{},min{ βαβα =aob  Thus aob∈0  and 

similarly we get that . Hence .0 boa∈
}.,min{},min{ βαβα ba = .  

      We call S(F(H)) the quasi BCK-part of quasi hyper 
BCK-algebra F(H).  
Proposition 3.10. If ,))()(( βγγαβα yzzxyx ΘΘΘΘ p for 

all Hzyx ∈,,  and ],01(,, ∈γβα   then 

}0{ },min{ βαβα =Θxx and so  )).(()( HFSHF =
Proof. Consider  

)0()0(

)(

},min{},min{},min{},min{

},min{},min{},min{

βαβαβαβα

βαβαβαβα

ΘΘΘ=

Θ==Θ

xx

xxxoxxx

 

},min{

},min{},min{

0

00

βα

βαβα

=

Θ<<
 

By Proposition 3.2 (vii) we get that },min{0{ βαβα =Θxx  

    Given a fuzzy set  μ  in H and ]1,0(∈α , We define:  

},)(|{:)( αμμ αα ≥= xxF  

and  
).(:)(

]1,0(
μμ α

α
FF

∈
= U  

     The following example shows that )(μαF  may not be 

a fuzzy point hyper BCK-subalgebra of  , for 

some 

)(HFα

]1,0(∈α .  
Example 3.11. In Example 3.5, define fuzzy set μ  on H 

by:  
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⎪⎩

⎪
⎨
⎧ =

otherwise

axif
x

0

,
2
1

:)(μ  

Then 4/14/1 )( aF =μ  and We can 

see that 

.0 4/14/14/1 =Θaa
)(0 4/14/1 μF∉ . So )(4/1 μF  is not a fuzzy point 

hyper BCK – subalgebra of   ).(4/1 HF
Theorem 3.12. Let μ  be a fuzzy set in H. Then μ  is a 

fuzzy hyper BCK-subalgebra of H if and only if )(μαF  is 

a fuzzy point hyper BCK-subalgebra of 
].1,0()( ∈αα allforHF  

Theorem 3.13. Let μ  be a fuzzy set in H. Then μ  is a 

fuzzy weak hyper BCK-ideal of H if and only if the 
nonempty set )(μαF  is a fuzzy point weak hyper BCK-

ideal of )(μαF , for all ].1,0(∈α   

Proof. Let 0)( /≠μαF . Then there exists )(μαα Fx ∈ . 

Thus αμμ ≥≥ )()0( x   and so ).(0 μαα F∈ Now, let 

)(μααα Fyx ⊆Θ and ).(μαα Fy ∈ Then αμ ≥)(t , for 

all xoyt∈ and .)( αμ ≥y  Therefore αμ ≥
∈

)(inf t
xoyt

. 

Hence by hypothesis we have 

.)}(),(infmin{)(
)(

αμμμ ≥≥
∈

ytx
xoyt

 

Thus )(,)( μμ ααα FsoFx ∈  is a fuzzy point weak hyper 

BCK-ideal of  ).(HFα

    Conversely, let andHx∈ .)( αμ =x  Then by 

hypothesis we get that . 

So

)(0 HFαα ∈
).()0( xμαμ =≥  Now we must show that 

)}.(),(infmin{)(
)(

ytx
xoyt

μμμ
∈

≥ If 0)()( =tory μμ  for 

some xoyt∈ , then the proof is finished. Suppose that 

0)()( ≠tandy μμ  for all .xoyt∈  Let 

)}.(inf),(min{
)(

ty
xoyt

μμα
∈

=  Thus αμ ≥)(y  and 

,)( xoytallfort ∈≥αμ  which imply that )(HFy αα ∈  

and )()( μαααα Fxoyyx ⊆=Θ . Since )(μαF  is a 

weak hyper BCK-ideal of , thus )(HFα )(μαα Fx ∈ . 

Therefore )}(),(infmin{)(
)(

ytx
xoyt

μμαμ
∈

=≥  .  

Theorem 3.14. Let μ  be a fuzzy set of H. Then:  

  (i) if μ  is a fuzzy (strong) hyper BCK-ideal of H, then 

the nonempty set )(μαF  is a fuzzy point (strong) hyper 

BCK-ideal of , for all )(HFα ].1,0(∈α  

  (ii) if μ  satisfies the additive condition and the 

nonempty set )(μαF  is a fuzzy point (strong) hyper 

BCK-ideal of , for all )(HFα ]1,0(∈α  , then μ  is a 

fuzzy (strong) hyper BCK-ideal of H.  
Proof. (i) 0)( /≠μaF  implies that )(0 μαα F∈ . Now let 

0)()( /≠Θ μααα Fyx I and ).(μαα Fy ∈  Then 

αμ ≥)(y  and there exists xoyt∈  such αμ ≥)(t . So 

αμμμ ≥≥
∈

)}(),(supmin{)(
)(

ytx
xoyt

 

Hence )(μαα Fx ∈ . Therefore )(μαF  is a fuzzy point 

strong hyper BCK-ideal of .  )(HFα

(ii) Since xxox <<. , then by hypothesis we have 

)()( xt μμ ≥ for all  .xoxt∈  Hence ).()(inf xb
xoxb

μμ ≥
∈

 

Consider min  Then for all .)(),(sup
)(

αμμ =
⎭
⎬
⎫

⎩
⎨
⎧
∈

yt
xoyt

βμβαβ >> )(,, y  and there exists xoyt ∈β  such 

that βμ β >)(t  . So 0)()( /≠Θ μβββ Fyx I and   

)(μββ Fy ∈ imply that βαμββ >∈ allforFx )( . Thus 

βαββμ >≥ ,,)( allforx . Thus 

. Therefore 
⎭
⎬
⎫

⎩
⎨
⎧=≥
∈

)(),(supmin)(
)(

ytx
xoyt

μμαμ μ  is a 

fuzzy strong hyper BCK-ideal of H.  
Proposition 3.15. Let μ  be a fuzzy set in H. Then  

(i) If  Sx∈ , then ].1,0()),(( ∈∈ αα allforHFSx  

  (ii) ))(( HFSx ∈α , for some ]1,0(∈α implies that  

).(HSx∈  

  (iii)  If ))(( HFSx ∈α , then 

].1,0()),(( ∈∈ ββ allforHFSx  

  (iv) )())(( μFHFS ⊆ if and only if 

).(,1)( HSxallforx ∈=μ  

  (v) ))(()( HFSF ⊆μ if and only if )).(()( HSSHF =  

Where }}.0{|{)( =∈= xoxHxHS  

Proof . (i) Let )(HSx∈  . Then . So for all }0{=xox
]1,0(∈α , }.0{)( αααα ==Θ xoxxx Therefore 

)),(( HFSx ∈α  , for all ].1,0(∈α  

(ii) Let ))(( HFSx ∈α and .xoxt∈  Then 

}0{)( ααααα =Θ=∈ xxxoxt .and so αα 0=t  

(iii) The proof follows from (i) and (ii).  
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(iv) Let . Then by (i) , for all )(HSx∈ ))(( HFSx ∈α

]1,0(∈α . So αμ ≥)(x  , for all ].1,0(∈α Thus 

1)( =xμ  

    Conversely, let  Then  by 

hypothesis 

)).(( HFSx ∈α )(HSx∈
αμ ≥)(x . So )()( μμαα FFx ⊆∈  . 

Therefore )())(( μFHFS ⊆ . 

(v) Let and  )(HFx ∈α βμ =)(x  Then )(μβ Fx ∈  

implies that Thus by (iii) 

 So . Therefore 

F(H)=S(F(H)). 

)).(( HFSx ∈β

)).(( HFSx ∈α ))(()( HFHF ⊆

The converse is clear.  
Proposition 3.16. Let μ  be a fuzzy set of H. Then )(μF  
is a quasi hyper BCK-subalgebra of F(H) if and only if 

)(μαF  is a fuzzy point hyper BCK-subalgebra of 

, for all )(HFα ].1,0(∈α .  

Proof. Let )(, μααα Fyx ∈  . Then )(, μαα Fyx ∈ . 

Since )(μF  is a quasi hyper BCK-subalgebra of F(H), 

then we get that )()(
]1,0(

μο ααααα Fyxyx
∈
∪=Θ⊆  . 

Hence )(μααα Fyx ⊆Θ . 

 
   Conversely , let )(,. μβα Fxx ∈ . Then 

γβααμ =≥≥ },min{)(x  and 

γβαβμ =≥≥ },min{)(y  and so ).(, μγγγ Fyx ∈  . 

Thus )()( μγγγγ Fyxxoy ⊆Θ= . Therefore 

)()()( },min{ μμγγβαβα FFxoyyx ⊆⊆=Θ = , hence 

)(μF  is a quasi hyper BCK-subalgebra of F(H).  

Theorem 3.17. Let μ  be a fuzzy set in H such that  

)(μF  is a quasi hyper BCK – subalgebra of F(H). Then 
   (i) μ  is a fuzzy hyper BCK-subalgebra of H,  

   (ii) )Im()(0 μαμα ∈∈ allforF   

Proof. (i) Follows from Theorem 3.12 and Proposition 
3.16. 
(ii) Let ).Im(μα ∈  Then there exists  such that Xx∈

.)( αμ =x  Thus )(μα Fx ∈  , and so 

)()()(0 μααα Fxxxox a ∈Θ=∈ .  

Proposition 3.18. If )(μF  is a quasi (weak, strong) hyper 

BCK-ideal of F(H), then )(μαF is a fuzzy point (weak, 

strong) hyper BCK-ideal of , for all )(HFα ].1,0(∈α .  

   The following example shows that the converse of the 
above theorem is not true in general.  

Example 3.19. In Example 3.5, we define fuzzy set μ  on 

H by 
3/1)(2/1)()0( === ba μμμ  

Then it is easy to check that )(μαF  is a fuzzy point 

(weak, strong) hyper BCK-ideal of , for all )(HFα

]1,0(∈α , but )(μF  is not a quasi (weak, strong) hyper 

BCK-ideal of , since )(HF
)()( 5/15/13/2 μFaobba ⊆=Θ  and 

)(),( 3/25/1 μμ FbutaFb ∉∈  

Theorem 3.20. μ  is a fuzzy (strong) weak hyper BCK-

ideal of H if and only if  
    (i) ),Im(),(0 μαμαα ∈∈ allforF  

    (ii)  )()()0)()(( μμ βαβα FyxFyx ⊆Θ/≠Θ I and 

)(μβ Fy ∈ imply that )(},min{ μβα Fx ∈ for all 

)Im(μα ∈  

Proof . Let ).()()( μμ ββα FyandFyx ∈⊆Θ Then 

βμ ≥)(y and }.,min{)(inf βαμ ≥
∈

a
xoya

 

Thus by hypothesis we get that.  { } },min{)(),(infmin)( βαμμμ ≥≥
∈

yax
xoya

 

Therefore )(},min{ μβα Fx ∈ . Also 

Hxallforx ∈≥ ),()0( μμ  implies that )(0 μα F∈   for 

all )Im(μα ∈all .  

     Conversely, since )(0 μα F∈  for all )Im(μα ∈ , 

then )()0( xμμ ≥ , for all . Let Hx∈{ } αμμ
α

=
∈

)(),(infmin ya
xoy

 . Then 

αμαμ ≥≥ )()( aandy  for all xoya∈ . Thus 

)()( μααα Fxoyyx ⊆=Θ  and )(μα Fy ∈  . Therefore 

{ },)(),(infmin)( yax
xoya

μμαμ
∈

=≥  i.e μ is a fuzzy 

weak hyper BCK-ideal of H.  
Remark. Since )(μβα Fyx pΘ  for all ]1,0(, ∈βα , the 

above theorem is not true for hyper BCK-ideal.  
Definition 3.21. A non empty subset I of F(H) is called 
quasireflexive, if ]1,0(,, ∈⊆Θ βαβα allforIxx  . 

Theorem 3.22.  is quasireflexive if and only if )(HFI ⊆
Ixx ⊆Θ αα  , for all ].1,0(∈α .  

Proof. (→ ) The proof is clear.  
(← ) By hypothesis we have 

.)( },min{},min{},min{ Ixxxoyxx ⊆Θ==Θ βαβαβαβα   
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Proposition 3.23. Let μ  be a fuzzy set. Then )(μF  is a 

quasireflexive if and only if .1)( xoxtallfort ∈=μ  

Proof . )(μαα Fxx ⊆Θ  , for all ]1,0(∈α  implies that 

αμ ≥)(t  , for all ]1,0(∈α  and xoxt∈ . Thus 1)( =tμ  

, for all xoxt∈ .  
     Conversely, the proof is easy.  
Proposition 3.24.  Let  be a quasireflexive. If I 
is a quasi hyper BCK-ideal, then it is a quasi strong hyper 
BCK-ideal.  

)(HFI ⊆

Proof . Let . Then there 

exists  Now, let 

. Then 

IyandIyx ∈/≠∈ ββα 0)( I

.)( },min{},min{ Ixoyt Iβαβα ∈

βαβα yxs Θ∈},min{

.)()(},min{},min{ Iyyyxyxts ⊆ΘΘΘΘ⊆Θ βββαβαβαβα p  

So  implies that  . Hence 

Therefore by hypothesis we get that 

It ∈},min{ βα Is ∈},min{ βα

.Iyx pβαΘ Ix ∈α  

.  
      We can prove that every strong quasi hyper BCK-
ideal is a quasi hyper BCK-ideal, and so the converse of 
proposition 3.24 is true without any conditions. 
 
    I n F(H), consider the set.  

})(0|)({),( },,min{ ststst baxHFxba ΘΘ∈∈=Δ ααα  

For all ]1,0(,,, ∈∈ tsandHba α . Obviously, 

]1,0(),,(,,0 ∈Δ∈ αααα allforbaba st and 

]}.1,0(|0{)0,0( ∈=Δ ααst Also 

 implies that 

 , for all 

tsst abxbax ΘΘ=ΘΘ )()( αα

),(),( tsst abba Δ=Δ ].1,0(,, ∈∈ tsandHba   

    Let . If there exists  such 

that  for all , then we say that  

the greatest quasi hyper element of  and 

denoted such elements by 

)(, HFba st ∈ ),( st bau Δ∈β

βα ux p ),( st bax Δ∈α βu
),( st baΔ

st ba ⊗ .  

      If for all  has a greatest quasi 

hyper element, then the quasi hyper BCK-algebra F(H) is 
called to be with condition QH.  

),(),(, stst baHFba Δ∈

Example 3.25. Let  and define 

hyperoperation “o” on H as follows:  
}0{UNH =

⎩
⎨
⎧

>
≤

=
yxifx
yxifx

xoy
}{

},0{
 

for all . Then (H, o, 0) is a hyper BCK- algebra.  Hyx ∈,
Let Then 

 So 

., axandHba ≤∈
}.0{)())(()( },,min{},,min{},,min{ tststsst xobobxoabax αααα U==ΘΘ

stts bax ΘΘ∈ )(0 },,min{ αα . Hence ),( st bax Δ∈α , for 

all ].1,0[∈α   

Similarly, if bx ≤ , then  . Now let x> a, x> 

b and b>a. Then 

),( st bax Δ∈α

},,min{},,min{ )())(()( tstsst xobobxoabax ααα ==ΘΘ . So by 

hypothesis that  . Hence stts bax ΘΘ∈ )(0 },,min{ αα

),( st bax Δ∈α . Therefore . So )(),( HFba st =Δ
),( st baΔ  does not have the greatest quasi hyper 

element.  
On the other hand  

})(0|)({

})0)((0)(0|)({)0,(

},,min{|,,min(

},,min{},,min{

stst

stststst

xoaHFx

oxoaaxHFxa

ααα

αααα

∈∈=

=ΘΘ∈∈=Δ

α

α

},...,0{
}|)({

]1,0(
a

axHFx

a∈
=

≤∈=
U  

Therefore ]}.1,0(|{0 ∈=⊗ ααaa st  

      In next proposition we will see that st ba ⊗  has more 

than one element.  
Proposition 3.26. Let F(H) be a quasi hyper BCK – algebra 
with condition QH. Then  
     (i) If  is the greatest quasi hyper element of γu

),( st baΔ  , then for all ,  is  also the greatest 

quasi hyper element of 

]1,0(∈r ru
),( st baΔ  and if  is another the 

greatest quasi hyper element of  , then 

sv
),( st baΔ

,ss uv =   

     (ii) ,tsst abba ⊗=⊗  

     (iii) ,stsstt babandbaa ⊗⊗ pp  

     (iv) ]}1,0(|{0 ∈=⊗ ββα aat  

     (v) )(]}1,0(|{ μFbaru str ⊆⊗=∈ if and only if 

.1)( =uμ  

Proof . (i) Let .),( γαα ucandbac st pΔ∈ Then 

.0)(0 },min{},min{ cousoandcou ∈∈ γαγα  Thus for all 

.)(0],1,0( },min{},min{ tr cour αα ∈∈  Therefore . Also 

 and for all 

ruc pα

γγ uuuu rr pp , γuur ≠ r≠γ . Now let  

be the greatest hyper element, then  and 

, so 

sv

ss vu p

ss uv p .ss vu =  

(ii) the proof is easy.  
(iii) ),(, stst baba Δ∈  implies that 

.stsstt babandbaa ⊗⊗ pp  .  
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(iv)  Let . Then ),( st bax Δ∈α

},,min{},,min{ )0)((0 stst ax αα οο∈  and so axο∈0 .  Hence 

. Thus and so },min{},min{ )(0 tt xoa αα ∈ tax pα

]}.1,0(|{0 ∈=⊗ ββα aat  

(v) the proof is easy.  
 

 

Conclusion 
Quasi hyper BCK-algebra is a generalization of 

hyper BCK-algebras. We have introduced the concept of 
quasi hyper BCK-algebras and investigated some of their 
useful properties. In our opinion, these definitions and 
main results can be similarly extended to some other 
algebraic systems such as hyper K -algebras, groups, 
semigroups, rings, nearrings, semirings (hemirings), 
lattices and Lie algebras. It is our hope that this work 
would other foundations for further study of the theory of 
BC K / BCI- algebras and hyper BCK-algebras. Our 
obtained results can be perhaps applied in engineering, 
soft computing or even in medical diagnosis. 
    In our future study of fuzzy structure of hyper BCK-
algebras, may be the following topics should be 
considered: 
   (1) To get more connection to quasi hyper BCK-algebra 
and hyper BCK-algebra;  
   (2) To consider the structure of quotient hyper BCK-
algebras; 
   (3) To get more results in quasi hyper BCK-algebras 
and application. 
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