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Abstract

In this paper the notion of fuzzy BM-algebra and fuzzy topological BM-algebras are introduced. We stated and proved
some theorem in fuzzy BM-algebras and level subalgebras. Finally fuzzy topological BM-algebras are studied.
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Introduction

Imai and lIseki introduced two classes of abstract
algebras: BCK-algebras and BCl-algebras (Imai et al,
1966; Iseki 1980). BCK-algebras is now known as a
proper subclass of the class of BCl-algebras. HU & Li
(1983; 1985) introduced a wide class of abstract
algebras: BCH- algebras. They have shown that the class
of BCl-algebras is a proper subclass of the class of BCH-
algebras. Neggers and Kim (1999) introduced the notion
of d- algebras which is another generalization of BCK-
algebras and also they introduced the notion of B-
algebras (Neggers & Kim, 2002a,b). Moreover, Jun et al.
(1998) introduced a new notion, called BH-algebra, which
is a genrealization of BCH/BCI/BCK-algebras.
Walendziak obtained other equivalent axioms for B-
algebra (Walendziak, 2006). Kim et al (Kim, 2004)
introduced the notion a (pre-) Coxeter algebra and
showed that it is equivalent to an abelian group all of
whose elements have order 2, i.e., a Boolean group. Kim
and Kim (2006) introduced the notion of a BM-algebra
which is a specialization of B-algebras.

The concept of a fuzzy set, which was introduced by
Zadeh (1965), provides a natural framework for
generalizing many of the concepts of general
mathematics and topology. Foster (1979) combined the
structure of a fuzzy topological spaces with that of a fuzzy
goup, introduced by Rosenfeld (1971), to formulated the
elements of a theory of fuzzy topological groups.

In the present paper, we introduced the concept of
fuzzy BM-algebras and fuzzy topological BM-algebras
and study this structure. We state and prove some
theorem in fuzzy BM- subalgebras and level subalgebras.
Finally, some of Fosters results on homomorphic images
in fuzzy topological BM-algebras are studied.

Preliminary

Definition 2.1. (Kim & Kim, 2006): A BM-algebras is a
non-empty set X with a constant 0 and a binary operation
* satisfying the following axioms:

(1) xx0=x,
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(1) (2x)%(z* y)=y *x,
Forall X,y,zeX .

In X we can define a binary relation by X<V if and
only if X*xy=0.

Definition 2.2. (Kim et al 2006) Let X be a BM-algebra.
Then for x,y and z in X,

(a) x*x=0,

b)0=(0*x)=Xx,
C)O*(x*y)=y*X,
4)(x+2)+(y+2)=x2y,
e)x*y=0ifandonly if y*X =0,
(1)(xsy)rz=(xr2)ey.

Definition 2.3. A non- empty subset S of a BM-algebra X
is called a subalgebra of X if X*y €S foranyX,YyeS.

A mapping f :X —Y of BM-algebras is called a BM-
f(xxy)="F(x)xf(y) for al

(
(
(
(

homomorphism if

X,ye X.

We now review some fuzzy logic concept (Zadeh 1965).
Let X be a set. A fuzzy set A in X is characterized by a

membership function u,:X —[0,1] . Let f be a

mapping from the set X to the set Y and let B be a
fuzzy setin Y with membership function 1 .

The inverse image of B, denoted by f*(B), is the

fuzzy set in u’fl( with  membership function u}l(B)

B)

defined by 1 X)=pua( f(x)) forall xXe X.
f (B)( ) B( ( ))
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Conversely, let A be a fuzzy set in X with membership
function 1, Then the image of, A, denoted by f (A) is

the fuzzy setin Y such that:

sup w1, (2) if £7(y) =g,
zef(y)

0 otherwise,
A fuzzy set A in the BM-algebra X with the
membership function 1, is said to be have the sup

,Uf(A)(y):

property if for any subset T < X there exists X, €T
such that

10 (X )=sup iy (t).
teT
A fuzzy topology on a set X is a family 7 of fuzzy

setsin X which satisfy the following conditions:
(i) For Ce[O,l],Kcer, where K, has a constant

membership function,
(i If ABer,then ANBer,

(ii)Iif A, ez forall jeJ then U Ajer.
jed

The pair (X ,‘[) is called a fuzzy topological space

and members of 7 are called open fuzzy sets.

Let A be a fuzzy setin X and 7 a fuzzy topology
on X . Then the induced fuzzy topology on A is the
family of fuzzy subsets of A which are the intersection
with A of 7 -open fuzzy sets in X . The induced fuzzy

topology is denoted by 7, , and the pair (A, ‘[A) is called
a fuzzy subspace of (X, 7).

Let (X,z) and (Y,v) are two fuzzy topological
space. A mapping f of (X,7) into (Y,v) is fuzzy
continuous if for each open fuzzy set U in V the inverse
image f ™' (U) isin 7.

Conversely, f is fuzzy open if for each fuzzy set V
in 7, the image f (V) isin V.

Let (A,7,) and (B,V; ) are fuzzy subspace of fuzzy
topological spaces (X,7) and (Y,V) respectively, and
let f be amapping from (X ,r) to (Y,V).

Then f is a mapping of (A,TA) into (B,VB) if
f (A) cB

continuous if for each open fuzzy set V' in v the

Furthermore f is relatively fuzzy
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intersection f~(V')N A is in 7, . Conversely, f is
relatively fuzzy open if for each open fuzzy set U’, the
image f (U') isin vg.

Lemma 2.4. (Foster 1979) Let (A 7,),(B,vy) be
fuzzy subspace of fuzzy topological spaces
(X,T),(Y,V) respectively, and let f be a fuzzy
continuous mapping of (X,7) into (Y,v) such that
f(A)cB. Then f is a relatively fuzzy continuous

mapping of (A,z, ) into (B,vy ).

Fuzzy BM- subalgebra

From now on X is a BM-algebra, unless otherwise is
stated.

Definition 3.1. Let 1 be a fuzzy set in X . Then u is
called a fuzzy BM- subalgebra (algebra) of X if

u(xcxy)zmin{u(x), 1 (y)]
forall X,ye X .

Example 3.2. Let X ={0,1,2} ba a set with the
following table:

* 0 1 2
0]0 2 1
111 0 2
212 1 0

Then (X ,*,0) is a BM- algebra.

Define a fuzzy set u:X —>[0,1] by
11(0)=0.7>0.1=p(x) for all xe{1,2}. Then v is a
fuzzy BM-subalgebra of X .

Lemma 3.3. If A is a fuzzy BM-subalgebra of X ,

then for all X e X

,uA(O)Z,uA(X).

Proof. For all Xe X , we have X*X =0 hence

pa(0)=p, (xxx)Zmin{u, (X), 1, (X)) =11, (X).
Proposition 3.4. Let A be a fuzzy BM-subalgebra of

X ,andlet ne N .
Then

n
(i) ”A[H X*X]ZMA(X), for any odd number n,

n
(i) wp [H X* X]:,uA (X), for any even number n.
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Proof: Let X € X and assume that N is odd. Then
n=2k —1 for some positive integer k. We prove by
induction. Definition and above lemma imply that

MA(X*X):MA(O)ZUA(X) suppose that

uA(zlk_[l x*ijMA(X).

Then by assumption

I (Z(ﬁ_l X*XJ=UA (ﬁ X*XJ
o (T xe(e0(x00)
AL S

Which proves (i). Similarly we can prove (ii).
Theorem 3.5. Let A be a fuzzy BM-subalgebra of
X . If there exists a sequence {Xn} in X , such that

lim u,(x,)=1

Then 1, (0)21.

Proof. By above lemma we have 1, (0)>p, (X), for

Now

all xeX , thus uA(O)Z ,uA(xn), for every positive
integer N . Consider
1> uA(O)lei_(Tl 1a(%,)=1.
Hence 1, (0)=1.
Theorem 3.6. Let A and A, are fuzzy BM-
subalgebras of X . Then ANA, is a fuzzy BM-

subalgebras of X .
Proof. Let X,y A NA,. Then X,YyeA and A,

since A, and A, fuzzy BM-subalgebras of X by above
theorem we have:

K pna (x*y):min{ Ha (X*Y), 1, (x*y)}
Zmin{ min( 1, (%), 42 (¥)).min( 1, (), 125, (y))}

Imin{,u ANA (X), K ~a, (y)}

Which proves theorem.
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Corollary 3.7. Let {A | iE/\} be a family of fuzzy BM-
subalgebras of X . Then (1 A is also an fuzzy BM-
icA

subalgebras of X .
Definition 3.8. Let A be a fuzzy set in X and

A €[0,1]. Then the level BM-subalgebra U(A; 1) of X

and strong level BM-subalgebra U(A;>,1) of X are
defined as following:

U(AZ) = {XEX‘ MA(X)ZA},
U(A>,A) = {XEX‘ uA(x)>/1}
Theorem 3.9. LetA be a fuzzy BM-subalgebra of X

with the least upper bound /10 . Then the following

conditions are equivalent:
(i) A is a fuzzy BM- subalgebra of X .

(ii) For all A €Im( ). the nonempty level subset
U(A; 2) of A is a BM- subalgebra of X .

(iiiyFor all ﬂelm(uA)\ﬂo , the nonempty strong
level subset U(A:>,/1) of A is a BM-subalgebra of X .

(iv)For all 1&[0,1], the nonempty strong level subset
U(A,>,A)of A isaBM-subalgebra of X .

(v) For all 4 E[O,l] , the nonempty level subset
U(A; 1) of A is a BM-subalgebra of X .

Proof. (i—iv) Let A be a fuzzy BM- subalgebra of
X,21€[0,1] and x,yeU (A;<, 1), then we have

wa(xxy)zmin{ i, (x), u, (y)}>min{1,2}=2

Thus x*ye U(A;>,4) . Hence U(A; 1) is a BM-
subalgebra of X .

(iv—>iii) It is clear.

(iii—ii) Let Aelm(pu,) . Then U(AA) is
nonempty. Since U(A,/i): N U(A;>,/1) ,  where

>
pelm u, \ A4, . Then by (iii) and Corollary 3.7,
U(A,ﬂ) is a BM-subalgebra of X .

(ii—>V) Let A2 €[0,1] and U(A;1) be nonempty.
x,yeU(A;2) Let

a=min{u,(x), u(y)}, it s

Suppose
clear that
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a=min{ i, (x), u,(y)}2{4,4} =2 Thus
x,yeU(Aja) and aelm(u,), by (ii) U(Aa)is a
BM-subalgebra of X , hence X* yeU(A;a). Then we
have
wa(xxy)zmin{u, (x),u, (Y)}2{a.a}=a=1.
Therefore x*y e U(A;1). Then U(A; 1) is a BM-

subalgebra of X .
(v — i) Assume that the nonempty set U( A; 1) is a

BM-subalgebra of X , for every A €[0,1]. In contrary, let
X5, Yo € X be such that

'uA(XO*y0)<min{'uA(XO)"uA(yO)}'

Let 11, (X)=71a(Yo)=0 and 1, (X, *Y,)=4 .
Then
A<min{y,6}

Consider

%:%(UA(XO *yo)"'min{UA(XO)'”A(yO)})

We get that
1 .
==(4 0
A 2( +min{y,6})

Therefore

7>/11:%(i+min{y,9})>/1

1 .

0> A _E(/i+ min{y,6})>2

Hence

min{y, 0} >4, > A=, (X *Y,)

so that X, * Y, ¢U(A;1). Which is a contradiction,
since

uA(x0)=y2min{y,0} >4

ta(Yo)=02min{y,6}> 4,

imply that X0, Yo € U(AA)
wa (Xxy)zmin{u, (x),u,(y)} for all x,yeX
Which completes the proof.

Theorem 3.10. Each BM-subalgebra of X is a level

BM-subalgebra of a fuzzy BM-subalgebra of X .
Proof. Let Y be a BM-subalgebra of X, and A be an
fuzzy set on X defined by

Thus
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if xeY
0 otherwise,
where @ €[0,1] . It is clear that U(Aja)=Y .
LetX, Y€ X . We consider the following cases:
Case 1) If X,Y€Y ,then X*Yy €Y therefore
wa(x*y)=a=min{a,a}=min{w, (x), 1, (y)}
Case 2) If X,yeY ,then u, (x)=0=p,(y) andso
a(x*y)=0=min{0,0} =min{, (x),u, (y)} .
Case 3) If X€Y and ygVY, then MA(X):a and
,uA(y)=0.Thus

wa(x*y)20=min(a,0)=min{u, (x),u, (y)}

Case 4) If YyeY and XxgY , then by the same
argument as in case 3, we can conclude that
,uA(X*y)zmin{uA(X),uA(y)} Therefore A is a

fuzzy BM-subalgebra of X .
In the next theorem we generalize the above theorem.

Theorem 3.11. Let X be a BM-algebra. Then for any
chain of subalgebras

AcAc.cA=X
there exists a fuzzy subalgebra 1 of X whose level

subalgebras are exactly the subalgebras of this chain.
Proof. Consider a set of numbers

t, >t >..>t
Where each t; be in [O,l]. Define u: X — [0,1] by
w(A VA=t forall 0<i<rand u(A)=t,.

We prove that 1 is a fuzzy subalgebra of X . Let
X,y € X, We consider the following cases:

Case 1) Let X,ye A \A_, then u(x)=t =pn(y).
Since A is a X*yeh,
sox*yeA\A, or x*yeA_, and in each of them
we have

subalgebra  thus

w(xey)2t, =minfu(x), ()
Case 2) Let Xxe A\A ; YeA\A ,, where i< j.
Then u(x)=t u(y)=t, since AcCA and A is a
subalgebra of X , then X*Yy €A, .

Hence

(e y)2t, = min {1 ()1 ()
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It is clear that Im(u):{to’ti,...,t

level subalgebras of p are given by the chain of
subalgebras

r} , therefore the

Sy =X

t} A, . It is clear

My © My

We have [, = {XeX‘u
that A i, . Let X €, Then u(X) >t thus X ¢ A, for
j>1i.So u(x)e{to,tl,...,ti}, thus X e A, fork <i,
since A, € A we get that X A . Hence A =y, for

0<i<r.
Theorem 3.12. Let X be a BM-algebra. Then two

level subalgebras 1, , 44, (wheret, <t,) of u are equal
if and only if there is no X € X suchthat t, <u(x)<t,.

Proof. In contrary let w, =H, where t, <t, and there
exists X € X such that t; < u(Xx)<t,. Then p_is a
proper subset of Uy, which is a contradiction.

Conversely, suppose that there is no x € X such that
t, <u(x)<t,. Sincet <t, then my SHy - I XED

then u(X)>1t, by hypotheses we get that 1(X)>t,.
Therefore X € My, then By, S My, Hence Ky = Uy, -

Theorem 3.13. Let Y be a subset of X and A be a
fuzzy set on X which is given in the proof of Theorem
3.10. If A is a fuzzy BM-subalgebra of X , then Y is a
BM-subalgebra of X .

Proof. Let A be a fuzzy BM-subalgebra of X , and

X,y €Y .Then u, (X)=a =u,(y), thus

wa(xxy)zmin{u, (x),u, (y)} = min{a,a} =a.

Which implies that X * Yy €Y .
Theorem 3.14. If A is a fuzzy BM-subalgebra of X ,

then the set
X, = {xeX]u,(x)=1,(0)}
is a BM-algebra of X .
Proof. Let

tip (X)=1,(0)=1,(y). andso
uA(X*y)Zmin{uA(x),uA(y)}:
min{uA (0)’UA (0)}:“A(0)

X, Y€ XﬂA Then
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by lemma 3.3, we get that 1, (X*Yy)=p, (0) which

means that X*y e X .

Theorem 3.15. Let N be a fuzzy subset of X . Let
N be a fuzzy set defined by 1, as:

uN(X):{a if xeN,

p otherwise,
For all a,ﬁe[O,l] with &« > f. Then N is a fuzzy

BM-subalgebra if and only if N is a BM-subalgebra of

X . Moreover, in this case Xu =N.
N

Proof. Let N be fuzzy a BM-subalgebra. Let
X,Y€ X be suchthat x,ye N Then

py (X y)=min{ g, (X), 1y (y)}=min(a
andso X*yeN .

Conversely, suppose that N is a BM- subalgebra of
X, let X,yeX.

(i) If X,yeN then x*y eN, thus

iy (xxy)=a=min{u, (x),y ()}
Gi) If X&N, or y & N, then

wy (x*y)z B =min{uy (x), 1, (y)}

This shows that N is a fuzzy BM-subalgebra.
Moreover, we have

X, ZZ{XEX‘NN(X):NN(O)} ={xeX|uy(X)
Fuzzy topological BM-algebra
Proposition 4.1. Let f be a BM- homomorphism from

X into Y and G be a fuzzy BM-algebra of Y with the
membership function U . Then the inverse image

f™(G) of G is afuzzy BM-algebra of X .
Proof. LetX,Yy € X . Then
o ()(X*y) =6 (f(xxy))
= (f(x)* 1 (y))
Zmln{ ue(f(y))}

=min {uf,l(G) (x),uffl(G)(Y)}

Proposition 4.2. Let f be a BM-homomorphism from
X onto Y and D be a fuzzy BM-algebra of X with the

a)=a

:a}:N
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sup property. Then the image f (D) of D is a fuzzy
BM-algebra of Y

Proof. Let a,beY , and x, e f™(a),y,ef™(b)
such that

”D(Xo): Sup  up (t)’ UD(yo): Sup  up (t)

te f(a) tef(b)

Then by the definition of It () we have

'uf(D)(X*y) = Sup up (t)

tef ™ (axb)
2 Uy (Xo * yo)

ZmiH{MD(Xo)“uD(yO)}

:min{ sup 15 (t), sup UD(t)}

tefﬁl(a) tefﬁl(b)

:min{”f(o)(a)’“f(o)(b)}'

For any BM-algebra X and any element a€ X we
denote by Ra the right translation of X defined by
R,(x)=x*a for all XxeX . It is that
R, (x)=0=R, (x).forallxe X

Definition 4.3. Let 7 be a fuzzy topology on X and
D be a fuzzy BM-algebra of X with induced topology
7. Then D is called a fuzzy topological BM-algebra of
X if  for aeX the mapping
R,:(D,7,)— (D,7p) is relatively fuzzy continuous.

Theorem 4.4. Let X and Y be two BM-algebras,
f :X—>Y be a BM-homomorphism. Let 7 and V be
the fuzzy topologies on X and Y respectively, such that
r=f" (v) Let G be a fuzzy topological BM-algebra of

clear

each

u with membership function ug . Then f_l(G) is a

fuzzy topological BM-algebra of X with membership
function 'url(e) .

Proof. We must show that, for each a € , the mapping
. -1 -1
R 17(G)7, gy )2 F(6) 7 )
is relatively fuzzy continuous. Let U be any open
fuzzy setin 7 1) ON f’l(G).
Since f is a fuzzy continuous mapping from (X ,r)

into (Y,V), from Lemma 2.4 follows that f is a relatively
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fuzzy continuous mapping of (f’l(G),rf,l(G)) into
(G,VG). Note that there exists an open fuzzy set V
such that f(V)=U .
R.*(U) is given by
sy (X) = 1 (Ra (X)) =1, (x+a)
) (xx@) =y (T (xxa))
=1y (F(x)* 1 (a))

Since G is a fuzzy topological BM-algebra of Y , the
mapping

The membership function of

R, :(G,vs )~ (G,vg)

is relatively fuzzy continuous for each b €Y . Hence

by () = 1 (F ()% £ (2)) =12, (R ()

- HR;a) V) ( f (X)): 'uffl( 1 (V))(X)'
R(U)=

a

Which  implies that

therefore
RAH(0)A 1(G)=1% (R, (V) 1(G)
is open in the relative fuzzy topology on f - (G)
The membership function u; of fuzzy BM-algebra
G of X is said to be f-invariant if f (X)= f (y) implies

1o (X)= g (y), forall X,yeX .

Theorem 4.5. Given BM-algebras X and Y and a
BM-homomorphism f from X onto Y , let 7 be the
fuzzy topology on X and V be the fuzzy topology on Y
such that f (z‘)zv. Let D be a fuzzy topological BM-

algebra of X . If the membership function u of D isa

f-invariant, then f (D) is a fuzzy topological BM-algebra

of Y.
Proof. It is enough to show that the mapping

R, (f (D)., (o) )=(f (D)., (o))

Is relatively fuzzy continuous, for all DY . It is clear
that f
Uer, there exists U'er such U=U'mD by f-

is a relatively fuzzy open mapping, since for

invariance of 1, we have
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f(U)=f (V)N f(D)ev, ).
Let V' be an open fuzzy set in Vf(D). For any beY

by hypothesis there exists a€ X such that b= f (a).
Thus

M (Rgl(v') (X)

i (fxea)
=’Uf’1(V')(X*a)

= Hiaw (Ra(x)):’uRa’l(f*l(v’))(X)

Which implies that f~*(R;*(V"))=R*(f™*(V")).

a

By hypothesis, R, is a relatively fuzzy continuous

a

mapping from (D,Z’D) to (D,z,) and f is a relatively

fuzzy  continuous from (D,7,) to

mapping
(f(D).V,(p))- Therefore
fH (R (V))NG=R}(f*(V'))nD
is open in 7, . Since f is relatively fuzzy open, then
f (f-l(Rb-l(V'))m D)=R,*(V')n f (D)

is open in Vi(o)-

Conclusion and future research

In this paper, we introduced the notion of the fuzzy
BM-algebras and we studied this structure. In addition,
we give relationship between fuzzy BM-algebra and level
subsets. Finally, we gave some of Fosters results on
homomorphic image and inverse image in fuzzy
topological BM- algebras.

In our future work, we are going to consider the
relationship between this fuzzy structure and the other
types of fuzzy structure.

We hope this work would serve as a foundation for
further studies on the structure of fuzzy BM-algebras and
develop corresponding many-valued logical systems.
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