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Abstract
The KdV equation appears in fluid mechanics. This equation incorporates both convection and diffusion in fluid
dynamics, and is used to describe the structure of shock waves. The objective of this paper is to present a comparative
study of He's Homotopy perturbation method (HPM) and variational iteration method (VIM) for the semi analytical
solution of three different Kortweg-de Vries (KdV) type equations called KdV, K(2,2,) and modified KdV (Burgers)
equations. The study has been highlighted the efficiency and capability of aforementioned methods in solving these
nonlinear problems which has been arisen from a number of important physical phenomenon.
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Introduction

It was 1895 that Korteweg and Vries derived KdV
equation to model Russell's phenomenon of solitons
(Korteweg & Vries, 1895) like shallow water waves with
small but finite amplitudes. Solitons are localized waves
that propagate without change of its shape and velocity
properties and stable against mutual collision (Khattak &
ul-lslam S, 2008). It has also been used to describe a
number of important physical phenomena such as
magneto hydrodynamics waves in warm plasma, acoustic
waves in an inharmonic crystal and ion-acoustic waves
(Ozis & Ozer, 2006)

Consider three models of KdV equation called KdV, K
(2, 2) and modified KdV (Korteweg & Vries, 1895) as
given respectively by:

u -3@u?,+u,, =0, (11
u +(u?), +@u®, =0 (12
and
1 .
U, +E(u ), —U, =0. (1.3)

Eqg. (1.1) is the pioneering equation that gives rise to
solitary wave solutions. Solitons, which are waves with
infinite support, are generated as a result of the balance

between the nonlinear convection (u"), and the linear
dispersion u,,, in the above equations. Solitons are

localized waves that propagate without change of their
shape and velocity properties and stable against mutual
collisions (Abdou & Soliman, 2005).

The equation of K(n,n) (Khattak & ul-Islam S, 2008):

u +@u"), +@U",, =0 (14

XXX
is the pioneering equation for compactons. In solitary
wave’s theory, compactons are defined as solitons with
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finite wave lengths or solitons free of exponential tails.
Compactons are generated as a result of the delicate

interaction between nonlinear convection (u"), with the

genuine nonlinear dispersion (U"),,, in (1.4).

Finally, the modified KdV equation appears in fluid
mechanics. This equation incorporates both convection
and diffusion in fluid dynamics, and is used to describe
the structure of shock waves (Aboulvafa et al., 2006).
Hence, KdV type equations have significant roles in
engineering and physics. Besides, the analytical solutions
of these governing equations may guide authors to know
the described process deeply and sometimes leads them
to know some facts that are not simply understood
through common observations, but it is quite difficult to
obtain the analytical solution of these problems as these
are functioning highly nonlinear.

Many researchers studied the similar kinds of
problems in other applications (Tolou et al., 2008; Ganiji,
2006; Zahedi & Okazi, 2010; He, 2006a, 2006b, 2005)
and many powerful methods have been proposed to seek
the exact solutions of nonlinear differential equations; for
instance, Darboux transformation (Wadati et al., 1975),
the inverse scattering method (Gardner et al., 1967), the
tanh method (Soliman, 2006), the sine-cosine method
(Yan & Zhang, 2000), the homogeneous balance method
(Yan & Zhang, 2001), and the Riccati expansion method
with constant coefficients (Yan, 2001).

In this paper, He's variational iteration method (VIM)
and homotopy perturbation method (HPM) and Liao's
homotopy analysis method (HAM) are used to conduct an
analytic study on the KdV, the K(2,2) and the modified
KdV equations in order to show all the methods above,
are capable in solving a large number of linear or
nonlinear  differential  equations, also all the
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aforementioned methods give rapidly convergent
successive approximations of the exact solution if such
solution exists, otherwise approximations can be used for
numerical purposes.
He's Variational Iteration method
Fundamental

To illustrate the basic concepts of variational iteration
method, we consider the following deferential equation
(He, 2006b):

Lu+Nu=g(x) (2.1)

where L is a linear operator, N a nonlinear operator,
and g(X) a heterogeneous term. According to VIM,

we can construct a correction functional as follows
(He , 2006b):

Uy () =U, (9 + [ HL U@ +N G, (D) -9 (@5 )

where A is a general Lagrangian multiplier (He , 2006a),
which can be identified optimally via the variational

theory, the subscript n indicates the n" order
approximation, U, which is considered as a restricted
variation, i.e.5 U, =0.

The Application

Example: Considering the KdV equation as:

u, —3(U)’+u,, =0, —o<x<+w, t>0
with the following initial condition:

u(x,0) =6x (2.4

To solve Egs. (2.3) and (2.4) using VIM, we have the
correction functional as:

(2.3)

U, (Xt) =u, (x,t) Jrj;/l{ut —U,, +uu tdz, (2.5

where uu, indicates the restricted variations; i.e.
6(uu,) =0. Making the above correction functional
stationary, we obtain the following stationary conditions:
1+ ,=0 (26.9)

A'=0 (2.6.b)
The Lagrangian multiplier can therefore be identified as:
A=-1 (2.7)

substituting Eq. (2.7) into the correction functional
equation system (2.5) results in the following iteration
formula:

un+l(Xl t) =Uu, (X,t) _J;{ur _3(U)ZX +uxxx}dT (2-8)

Each result obtained from Eqg. (2.8) is u(x,t) with its
own error relative to the exact solution, but higher number
iterations leads us to obtain results closer to the exact
solution. Using the iteration formula (2.8) and the initial
condition as u, , five iterations were made as follows ;
The first iteration results in:

u, (x,t) =6x(1+36t). (2.9.a)
The second iteration results in:
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U, (X, 1) = 6x(1+36t +1296t2 +15552t3).

And finally, the fifth iteration results in:
Us (X, t) = 6x(1+361+1296t? +15552t3 +1679616t* +60466176t°) + small terms

(2.9.b)

(2.9.c)
It is obvious that u,(x,t) converges to as an
exact solution for Egs. (2.3, 2.4).
Example: We consider the K(2,2) equation
U+ U3 +(U?) e =0, XeR, t>0, (2.10)
u(x,0) = x. (2.11)

To solve Egs. (2.10-2.11) using VIM, we have the
correction functional as:

Up (X, 1) :un(x,t)+J;i{uT + (U +U?),,3dr.  (2.12)

Making the above correction functional stationary, we
obtain the following stationary conditions:

1+4 =0, (2.13.)
A'=0. (2.13.b)
The Lagrangian multiplier can therefore be identified as:
A=-1. (2.14)
Substituting Eq. (2.14) into the correction functional

equation system (2.12) results in the following iteration
formula:

u_,(xt)= un(x,t)—_[;{uT U+ (U)o 3T 5 1

Using the iteration formula (2.15) and the initial
condition as uj , six iterations were made as follows ;
The first iteration results in:
u (x,t)=x@-2t), (2.16.a)
The second iteration results in:

u,(x,t) = x(1—4t+ 4t? —gtSJ, (2.16.b)

And finally the sixth iteration results in:
Ug (X, t) = x(1—2t+4t2 -8t +16t* —32t° +64t6)+small terms.
(2.16.c)

Again, by trying higher iterations we can obtain the
exact solution of Egs. (2.10, 2.11) in the form of

X
1+2t°

Example: For the third example we consider the
modified KdV (mKdV) equation as:

u(x,t) =

ut+%(u2)x—uXX:0, XeR, t>0, (2.17)

u(x,0) = x. (2.18)
The correction functional takes the form of:

Une (X, 1) =U, (X,1) +'|‘;l{uf +%(u2)x —u,}dzr (2.19)
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where, again 1 =-1. So, Eq.(2.19) changes to:

u_,(x,t)=u_(xt) —J.;{ur +%(u2)x —u }dr. (2.20)

Using the iteration formula (2.20) and the initial
condition as ug , three iterations were made and results
are as follows :

up (x,t) = x(1-t), (2.21)

U, (X, 1) = xA—t+t2 —%tS), (2.22)

u3(x,t):x(1—t+t2—t3+§t4), (2.23)
If one try the higher iterations, can have the exact solution
of Egs. (2.17, 2.18) in the form of u(xt) :1—Xt.

+

He's Homotopy Perturbation Method
Fundamental

To illustrate the basic ideas of this method, we
consider the following nonlinear differential Equation (He,
2006a):

Alu)-f(r)=0. reQ (3.1

Considering the boundary conditions of:
B(u,0u/on)=0, rel (3.2)
where A is a general differential operator, B a boundary
operator, f(r) a known analytical function and T is the
boundary of the domain Q .

The operator A can be divided into two parts of L
and N, where L is the linear part, while N is a nonlinear
one. Eq. (3.1) can, therefore, be rewritten as:
L(u)+N(u)-f(r)=0. (3.3)

By the homotopy technique, we construct a homotopy
as v(r, p):Qx[01] — R which satisfies (He, 2006a):

H(v. p) = (A= P)ILYV) - LUp)]+ PLAW) - F(N] =0, P<[0], reQ (3 4)
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V=V, + Py, + PV, +e (3.7)

setting P =1 results in the approximate solution of Eq.

(3.4):

U=]imV="Vo+Vy+V, +.....
p—1

The combination of the perturbation method and the
homotopy method is called the HPM, which lacks the
limitations of the conventional perturbation methods,
although this technique can have full advantages of the
conventional perturbation techniques.

The series (3.8) is convergent for most cases.
However, the convergence rate depends on the nonlinear
operator A(v) . The following opinions are suggested by
He (2005):

1. The second derivative of N(v) with respect to v must
be small because the parameter P may be relatively

large,i.e. p—>1.

(3.8)

2. The norm of L‘laN/av must be smaller than one so

that the series converges.

Application

Example: With the same first example as mentioned
previously, the equation is as:

u —3U)’x+u, =0, —o<x<+w, t>0. (3.9)

with the initial condition of:

u(x,0)=6x. (3.10)

Substituting Eq. (3.9) into (3.4) and then substituting
v from (3.7) and rearranging it as a power series in p,

we have an equation system including n+1 equations to
be simultaneously solved; n is the order of p in Eq. 3.7).

Assumingn =5, the system is as follows:

where pe[01] is an embedding parameter and  |Uax =0, Uy (X, 0) = 6X,
U, is an initial approximation of Eq. (3.4) which | = 6UgUgy +Ugy, =0, u(x,0)=0,
satisfies the boundary conditions. Obviously, |Uax —6UUg, —6Ugly, + Uy, =0, u,(x,0) =0,
considering Eq. (3.4) we will have: Uy, —6u,u,, —6u,u,, —6u,u,, +U,, =0, U, (x,0)=0,
H(v,0)=L(v)-1I(u,) =0, (3.5) u,, —6u,u,, —6u Uy, —6u,u, —6uu, +Uu, =0, u, (x,t) =0,

H (V,l) = A(V) —f (r) =0. (3.6) U, — BU3U;, —6U, U, —6U, Uz, — 6U,U,, — BUgU,, + Uy =0 Us (x,t) =0.

The changing process of P from zero to unity is just
that of v(r,p) from uy(r) to u(r) . In topology, this is
called deformation, and L(v)-L(u,) and A(v)—f(r) are

called homotopy. According to HPM, we can first use the
embedding parameter P as a "small parameter”, and

assume that the solution of Eq. (3.4) can be written as a
power seriesin P
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One can now try to obtain a solution for equation system
(3.11), in the form of:

Uo(X,t) =6X, (3.12.a)
u, (x,t) = 6x(36t), (3.12.b)
u,(x,t) =6x(12961t°), (3.12.c)
u,(x,t) = 6x(46656 t°), (3.12.d)
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u,(x,t)=6x(1679616t*), (3.12.¢)

Us (X, t) = 6x(60466176t°). (3.12.f)
Having u;,i =0,1...5, the solution u (x,t) is as:

5
u(xt) =Y (x1)= 6x[1+ 36t + (36t)% + (36t)° + (36)* + (36t)5]
i=0

(3.13)
Trying higher iterations, we can obtain the exact solution
of Egs. (3.9, 3.10) in the form of u(x,t) = bx .
1-36t
Example: Let us consider the following equation again:
U+ W3 +U%) e =0, XeR, t>0, (3.14)
u(x,0) = x. (3.15)

Substituting Eqg. (3.14) into (3.4) and then substituting
v from (3.7), rearranging it as a power series in p and
assumingn =5, we have a system of equations including
Six equations to be simultaneously solved as follows:
Ug, =0, Up(x0) =¥
Uyt +BUgyUgy +2UgUgxx +2UgUgy =0, Ul(XaO) =0,
Uyt + BUg, Ugyy +BUgyUpyy +2UgU
2t Ix 2 0xx 0x ~1xx 140x :O, UZ(X,O):O,

+ 2UgUyy, 420Uy + 2Uo Uy

Uz +6U2>(U0xx +6U0><U2xx +6leulxx
+ 2UnUpyex + 2UgUnyey +2UgUoy + =0, Uz (x,0) =0,
2U3 Uy +2U5 Uy, +2U5 U,
Uy +6leU2xx +6U2xulxx +6U3><U0xx

+6Ugy Ugyy +2UsUy, +2UgUg +
0x“13xx 2Y1x 0 3xxx — 0, Uy (X,O) — 0,
2u3u0>( + 2u1u2x + 2u3u0xxx +2ulu2xxx

+ 2u0u3xxx + 2u2ulxxx
USt +6u4xu0xx +6u0xu4xx +6u2xu2xx +
BUgy Uy +6Uy Uy +2UpUo, +2Uy U,

=0, us(x,0)=0.
2u0u4>( + 2u4u0>( + 2U4U0xxx + 2U1U3xxx

+ 2u3ul>< + 2u3ulxxx + 2u0u4xxx + 2u2u2xxx

(3,16)
One can now try to obtain a solution for the above
equation system in the form of:

Ug (X, t) =X, (3.17.a)
up (x,t) = x(-2t), (3.17.b)
U, (X, 1) = x(4?), (3.17.c)
us(x,t)=x(-8t3%),  (3.17.d)
us(x,t) =x(@6t*),  (3.17.e)
us(x,t) = x(-32t°).  (3.17.9)

Having u;,i=01..5, the solution u(x,t) is therefore
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Higher iterations can make one obtain the exact
X
1+2t°

Example: Let us solve Egs. (2.17, 2.18) through HPM,;
considering n =5 ; thus, we will have the system equation
as:

solution of Egs. (3.14, 3.15) in the form of u(x,t) =

Uy =0, Uy (x,0) = x,
Uy, + UgUg, =0, u,(x,0) =0,
Uy, + UyUg, +Ugly, — Uy, =0, u,(x,0)=0,
Uy, +UgU,, + U U, + U Uy, —U,,, =0, U,(x,0) =0,
Uy, + UgUp, +UgUy, +U,U;, +U,U,, —Ug =0, u,(x,t) =0,
Ug, +UgU,, + UyUy, +U,Ug, +UgU,, +UU, —U,, =0 U (x,t) =0.
(3.19)
Trying to solve the system Eq. (3.19) results in:

Ug(x,t) =X, (3.20.a)

uy (X, t) = x(-t), (3.20.b)

u, (X, t) = x(t?), (3.20.c)

Us(x,t) = x(~t3), (3.20.d)

g (x,t) = x(t4), (3.20.e)

u;(x,t) = x(-t%), (3.20.f)

then,

5
u(t) =Y Ui () = x(@-t+t? —t* +t* —t°).  (3.21)
i=0
Always by adding up the number of iterations one can
attain the exact solution of Egs. (2.17, 2.18) in the form

X
u(x,t)=——.
) 1+t
Conclusion

The main goals of this study were the assessment of
capability of the He's variational iteration method (VIM)
and homotopy perturbation method (HPM) to solve the
KdV type equations. The KdV, K(2,2), and Burgers
equations that arise from many important and practical
physical phenomenon were examined for rational
solutions. Two above-mentioned methods were capable
to solve this set of problems with successive rapidly
convergent approximations without any restrictive
assumptions or transformations causing changes in the
physical properties of the problems. Also, adding up the
number of iterations leads to the explicit solutions for the
problems. Among two methods, VIM is very
comprehensible as it reduces the size of calculations and
also its iterations are direct and straightforward. HPM
does not require small parameters in the equation so that
the limitations of the conventional perturbation methods
can be eliminated and thereby the calculations are simple

as: and straight forward, though HPM can be more
5 convenient.
(o) = U, () = xfL- 26+ (26)2 — (20)° + (2)* - (20)°]
i=0
(3.18)
Research article “KdV equation” Goodarzian et al.

©Indian Society for Education and Environment (iSee)

http://www.indjst.org

Indian J.Sci.Technol.



956

Indian Journal of Science and Technology Vol.4 No.8 (Aug 2011) ISSN: 0974- 6846

References

1. Abdou MA and Soliman MA (2005) Variational
iteration method for solving Burger's and coupled
Burger's equation. J. Comput. Appl. Math. 181, 245-
251.

2. Aboulvafa EM Abdou MA and Mahmoud AA (2006)
The solution of nonlinear coagulation problem with
mass loss. Chaos Solitons & Fractals. 29, 313-330.

3. Gardner CS Green JM Kruskal MD and Miura RM
(1967) Method for solving the Korteweg-deVries
equation. Phys. Rev. Lett. 19, 1095-1097.

4. Ganji DD (2006) The application of homotopy
perturbation method to nonlinear equations arising in
heat transfer. Phys. Lett. A. 355, 337-341.

5. He JH (2005) Homotopy perturbation method for
bifurcation of nonlinear problems. Int. J. Non-linear
Sci. Num. Sim. 6(2), 207-208.

6. He JH (2006a) Homotopy perturbation method for
solving boundary value problems. Phys. Lett. A. 350,
87-88.

7. He JH (2006b) Variational approach for nonlinear
oscillators. Int. J. Mod. Phys. B . 20, 1141-1199.

8. Korteweg DJ and Vries G (1895) On the change of
form of long waves advancing in a rectangular canal,
and on a new type of long stationary wave. Philos.
Mag. 39, 422-443.

9. Khattak AJ and ul-Islam S (2008) A comparative study
of numerical solutions of a class of KdV equation. J.
Comput. Appl. Math.199, 425-434.

10.0zis T and Ozer S (2006) A simple similarity-
transformation-iterative scheme applied to Korteweg-
de Vries equation. Appl. Math. Comput. 173, 19-32.

11.Soliman AA (2006) The modified extended tanh-
function method for solving Burgers-type equations.
Physica A. 361, 394-404.

12.Tolou N Khatami | Jafari B and Ganji DD (2008)
Analytical Solution of Nonlinear Vibrating Systems.
Am. J. Appl. Sci. 5(9), 1219-1224.

13.Wadati M Sanuki H and Konno K (1975) Relationships
among inverse method, backlund transformation and
an infinite number of conservation laws. Prog.
Theoret. Phys. 53, 419-436.

14.Yan ZY and Zhang HQ (2000) Auto-Darboux
Transformation and exact solutions of the Brusselator
reaction diffusion model. Appl. Math. Mech. 22, 541-
546.

15.Yan ZY and Zhang HQ (2001) New explicit solitary
wave solutions and periodic wave solutions for
Whitham-Broer-Kaup equation in shallow water.
Phys. Lett. A. 285, 355-362.

16.Yan ZY (2001) New explicit travelling wave solutions
for two new integrable coupled nonlinear evolution
equations. Phys. Lett. A. 292, 100-106.

17.Zahedi SA and.Okazi M (2010) An Investigation on
two-dimensional non-linear wave equation using VIM.
Indian J. Sci. Technol. 3(9), 1006-1008.

Research article “KdV equation” Goodarzian et al.
©Indian Society for Education and Environment (iSee) http:/lwww.indjst.org Indian J.Sci.Technol.



